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Stationarity

Definition

● Stationarity refers to the stability of a 
sequence over time.

● A series is called stationary if its 
statistical characteristics do not 
change over time.

● Most classic time-series models (AR, 
MA, ARMA, ARIMA) assume the data 
is stationary.
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Stationarity

Two common notions of stationarity:

● Strict Stationarity:
○ The entire distribution of the series 

is invariant over time
● Weak (Covariance) Stationarity

○ Mean is constant over time
○ Variance is constant over time
○ Autocovariance depends only on 

lag, not on time
● Most time-series models assume weak 

stationarity
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Stationarity

Two common notions of stationarity:
● In weak Stationarity:

○ Mean is constant over time
○ Variance is constant over time
○ Autocovariance depends only on 

lag, not on time
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Stationarity

Two common notions of stationarity:
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Stationarity

Two common notions of stationarity:
● Based on the figure, which series is stationary 

and which is non-stationary?
● For each series, comment on:

○ Mean behavior over time
○ Variance behavior over time

● Propose possible mathematical model for 
each series.

● Which series violates the stationarity 
assumption required by AR / MA models? 
Explain why.
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Stationarity

Two common notions of stationarity:
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Stationarity

Two common notions of stationarity:
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Unit Root Tests

Why Do We Need Unit Root Tests?

● Visual inspection is not sufficient
● Some non-stationary series look stationary
● Unit root causes persistent shocks
● Formal statistical testing is required
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Unit Root Tests

Why Do We Need Unit Root Tests?

● Review this figure:
○ Small amplitude of oscillation (low 

noise variance)
○ There is no clear trend in the short 

term.
○ Fluctuating around a "seemingly 

stable" level.
● However: This is a non-stationary series

○ Mathematical model

● This is a random walk, with:
○ Unit root
○ Without string pull, the 

mean returns to zero.
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Unit Root Tests

What Is a Unit Root?

● Consider an AR(1) process:
● The process has a unit root if:
● In this case:

○ The series becomes a random walk
○ Shocks have permanent effects
○ Mean and variance are not 

time-invariant
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Unit Root Tests

What is being tested?

● Whether a time series is stationary or contains 
a unit root

● Focus on the stochastic trend in the data
● Hypotheses

○ Null hypothesis (H₀): The series has a 
unit root (non-stationary)

○ Alternative hypothesis (H₁): The series 
is stationary

● Common unit root tests
○ ADF (Augmented Dickey–Fuller)
○ KPSS (reverse hypothesis)
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Unit Root Tests

 Augmented Dickey–Fuller (ADF) Test
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Unit Root Tests

 Augmented Dickey–Fuller (ADF) Test

: First-order difference of a series

Current state of the system
The level the series was at previously

“Augmented” part
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Unit Root Tests

 Augmented Dickey–Fuller (ADF) Test Parameters to be tested
Answer the question: "When the trend is at a high, 
does it tend to reverse or continue further?"

● The entire ADF test only tests a single 
hypothesis:

No pull-back → Random walk

With pull-back → Mean-reverting

Explosive sequence
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Unit Root Tests

 Augmented Dickey–Fuller (ADF) Test
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Unit Root Tests

 Augmented Dickey–Fuller (ADF) Test

Threshold provided by Dickey-Fuller

If ADF statistic < Critical 
Value → Reject H₀ (unit 
root)
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Unit Root Tests

KPSS Test (Kwiatkowski–Phillips–Schmidt–Shin)

● KPSS tests stationarity directly, not unit root.
● Whether a time series is stationary around a 

level or a trend.
● Hypotheses:

● Refer code example

https://www.kaggle.com/code/trongnghia7171/stationarity-and-detrending-adf-kpss
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Differencing

Differencing

● Refer code example

https://www.kaggle.com/code/trongnghia7171/stationarity-and-detrending-adf-kpss
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Differencing

Differencing

● Refer code example

Before:

After:

https://www.kaggle.com/code/trongnghia7171/stationarity-and-detrending-adf-kpss
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AR / MA / ARMA Models

● After differencing, many time series become 
stationary

● Stationary series still exhibit temporal 
dependence

● AR / MA / ARMA models:
○ Capture short-term memory
○ Describe how the present depends on:

■ past values
■ past shocks

● They form the foundation of ARIMA models
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AR / MA / ARMA Models

Autoregressive (AR) Model



Trong-Nghia Nguyen 28Time-series

AR / MA / ARMA Models

Autoregressive (AR) Model
Original:

Differencing:

Forcasting:

● Refer code example 2

https://www.kaggle.com/code/trongnghia7171/ar-ma-arma-models


Trong-Nghia Nguyen 29Time-series

AR / MA / ARMA Models

Moving Average (MA) Model
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AR / MA / ARMA Models

Moving Average (MA) Model
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AR / MA / ARMA Models

Autoregressive (AR) vs Moving Average (MA)
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Thank you


